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MODULES OVER CATEGORIES AND
BETTI POSETS OF MONOMIAL IDEALS
ALEXANDRE TCHERNEV AND MARCO VARISCO
Abstract. We introduce to the context of multigraded modules the methods
of modules over categories from algebraic topology and homotopy theory. We
develop the basic theory quite generally, with a view toward future applica-
tions to a wide class of graded modules over graded rings in [TV]. The main
application in this paper is to study the Betti poset B = B(I, k) of a monomial
ideal I in the polynomial ring R = k[x1, . . . , xm] over a field k, which consists
of all degrees in Zm of the homogeneous basis elements of the free modules in
the minimal free Zm-graded resolution of I over R. We show that the order
simplicial complex of B supports a free resolution of I over R. We give a for-
mula for the Betti numbers of I in terms of Betti numbers of open intervals
of B, and we show that the isomorphism class of B completely determines the
structure of the minimal free resolution of I, thus generalizing with new proofs
results of Gasharov, Peeva, and Welker [GPW99]. We also characterize the
finite posets that are Betti posets of a monomial ideal.
Introduction
Monomial ideals have long been the focus of extensive research as fundamental
objects that provide a gateway for interaction between commutative algebra, com-
binatorics, symbolic computation, algebraic geometry, and algebraic topology. The
more general case of multigraded modules has recently become of particular interest
in applied algebraic topology, where they have emerged as a central object of study
in the theory of multidimensional persistence [CZ09]. In that theory, as well as in
other open questions like the Stanley depth conjecture, see e.g. [Ape03,Ape03b],
one would like to extract useful numerical and homological invariants out of data
on the behaviour of the homogeneous components of the multigraded module under
study. For monomial ideals these kinds of problems are usually handled by exploit-
ing the close connection with combinatorics of simplicial complexes and then using
the sophisticated techniques of topological combinatorics that become available.
While that approach has been shown to work very well for multigraded modules
in generic situations [CT14], it is quite apparent that to effectively tackle these
problems in general one needs new methods that rely less on combinatorics and
more on homological algebra.
The main goal of this paper is to develop such a method by adapting to the
setting of graded modules over a polynomial ring R = k[x1, . . . , xm] the language
and ideas of modules over categories, which are familiar notions in algebraic topol-
ogy and homotopy theory. When J is a small category a k-module over J or a
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kJ -module is just a functor from J to the category k-mod of all k-modules. The
category kJ -mod has objects the kJ -modules and morphisms the corresponding
natural transformations. The reason such notions are relevant in the study of multi-
graded modules is because one can view a Zm-graded R-module M as a functor
from the small category of the poset Zm (with coordinate-wise partial ordering) to
the category k-mod, i.e., a kZm-module. In particular, the category mgR-mod of
multigraded R-modules is equivalent to the category kZm-mod. Such categories
of functors from small categories to categories of modules have been extensively
studied in the context of algebraic topology, where they have proven to be invalu-
able tools in understanding equivariant phenomena. There one typically considers
functors defined on the so-called orbit category of the acting group, see for ex-
ample [tD87, Section I.11, Lu¨ck89, Section 9, DL98, LRV03]. For us, the salient
feature of this approach comes from the fact that kJ -mod is an abelian category,
and therefore we can do homological algebra there.
In order to use this technique effectively to study particular properties of M one
needs to identify an appropriate J . For the applications in this paper we need only
J to be the category of a poset. However, keeping in mind future applications to a
wide range of graded modules and graded duality [TV], we also develop the basic
theory for modules over general small categories J . A main contribution that is
specific to the case when J is the category of a poset P is the introduction and
study of a pair of adjoint functors: the exact P-sampling functor
(−)P : mgR-mod→ kP-mod,
and its left adjoint the P-homogenization functor
Rgr ⊗
kP
(−) : kP-mod→ mgR-mod.
These allow, among other things, to give functorial descriptions of common homog-
enization and relabeling techniques currently in the literature. We emphasize that
both functors have a simple explicit definition and are straightforward to compute.
The main application is to study the structure of the Betti poset B of a monomial
ideal I in R (over a fixed field k), which consists of the Zm-degrees of the basis
elements of the free modules in the minimal free Zm-graded resolution of I over R.
In our first main result, Theorem 5.1, we show that the order simiplicial complex
∆(B) of the Betti poset supports a free resolution of I over R. Next, we show
in Theorem 5.2 and Theorem 5.3 that the lcm-lattice in the results of Gasharov,
Peeva, and Welker in [GPW99] can be replaced by the Betti poset of the monomial
ideal. In particular, the isomorphism class of the Betti poset completely determines
the structure of the minimal free resolution of the monomial ideal. We include a
simple example of two ideals that do not have isomorphic lcm-lattices, but have
isomorphic Betti posets over every field k. Finally, we characterize in Theorem 6.4
the finite posets that are Betti posets of monomial ideals.
It should be noted that while one can, as expected, deduce our Betti poset results
also from the lcm-lattice results in [GPW99] via judicious use of the homology
version [BWW05] of Quillen’s Fiber Lemma and its consequences, the point of
our paper is that the theory we develop and the proofs we give rely only on basic
category theory and basic homological algebra. This allows us to use the same
approach in [TV] to study other cases of classical interest such as toric ideals,
where there are currently no notions analogous to that of the lcm-lattice.
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1. Preliminaries
Throughout this paper k is a commutative, associative, unital ring, modules are
unitary, unadorned tensor products are over k, and unless otherwise specified all
functors are understood to be covariant. If W is any set, we write k[W ] for the free
k-module with basis the set W . We denote by k-mod the category of k-modules.
Given an additive category A (like for example k-mod) we denote by ch(A) the
additive category of chain complexes in A and chain homomorphisms. For us
chain complexes are always understood to be indexed over the integers Z, and the
differentials in a complex X decrease degree. Given any poset P we view it as a
small category whose objects are exactly the elements of P and in which there is
exactly one morphism from p to q if and only if p ≤ q, and none otherwise. When
p ≤ q in P we abuse notation and denote the unique morphism from p to q also
by p ≤ q. Notice that order-preserving functions between posets, i.e., morphisms
of posets, correspond exactly to functors between the associated categories. We
always use the same notation for a poset and its corresponding category. For each
a ∈ P we write P≤a for the filter {x ∈ P | x ≤ a} in P . The filter P<a is defined
analogously. We denote by N the set of all non-negative integers, and for every
n ∈ N we write [n] for the totally ordered set { 0 < 1 < · · · < n }. We consider Nm
and Zm as posets via the coordinatewise partial order: (a1, . . . , am) ≤ (b1, . . . , bm)
if and only if ai ≤ bi for all i. In particular, both posets are lattices with joins given
by taking componentwise maximums. A Zm-graded poset is a poset P together
with a morphism of posets gr: P → Zm called the grading morphism. When P is
a subposet of Zm then we always consider it as Zm-graded with grading morphism
the inclusion map.
Now let R = k[x1, . . . , xm] be a polynomial ring over k in the m variables
x1, . . . , xm. We consider the ring R with the canonical Z
m-grading, called multi-
grading. For each α = (a1, . . . , am) ∈ Nm we write xα for the monomial x
a1
1 · · ·x
am
m .
Thus we have R =
⊕
α∈Zm Rα, where
Rα =
{
kxα if α ∈ Nm;
0 otherwise.
Let M =
⊕
α∈ZmMα be a multigraded R-module. We denote by mgR-mod the
category of multigraded R-modules (also called monomial graded R-modules) and
homogeneous R-linear homomorphisms of degree 0. We set
deg(M) = {α ∈ Zm |Mα 6= 0}.
If γ ∈ Zm we write M(γ) for the corresponding degree-shifted R-module, i.e.,
M(γ)α =Mα+γ . In particular, R(−γ) stands for the free multigraded R-module of
rank one generated by a single free generator e = 1R ∈ R(−γ)γ of (multi)degree γ.
A free multigraded R-module is then just a direct sum
⊕
α∈Zm R(−α)
bα . Let
F• = 0←− F0 ←− F1 ←− · · · ←− Fd ←− · · ·
be a free multigraded chain complex over R, i.e., the free modules Fk are free
multigraded and the differentials of F• are morphisms of multigraded modules. For
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each k let Bk be a homogeneous basis of Fk, and for α ∈ Zm write Bk,α for the set
of basis elements in Bk of multidegree α. Write F•α for the multigraded strand
F•α = 0←− (F0)α ←− (F1)α ←− · · · ←− (Fd)α ←− · · ·
of F• in degree α. It is straightforward to notice that each k-module (Fd)α is free
over k with basis the set
∐
γ≤α{x
α−γb | b ∈ Bd,γ}. Since the differentials in F•
preserve multidegrees the chain complex F• decomposes into a direct sum of strands
F• =
⊕
α∈Zm F•α, and is a free resolution of M if and only if each strand F•α is
a free resolution of Mα over k. Finally, for any α ∈ Zm and β ∈ Nm we have a
canonical injective morphism of chain complexes
xβ : F•α −→ F•α+β
via multiplication by the monomial xβ .
A principal case of interest is when k is a field, and F• is a minimal free resolution
of M over R. In that case the integer βd,α = βd,α(M) = |Bd,α| is called the dth
Betti number of M in multidegree α and
βd,α = dimk
(
F•α/F•α ∩mF•
)
d
= dimkTor
R
d (M,R/m)α
where as usual m = (x1, . . . , xm) is the maximal ideal generated by the variables
in the polynomial ring R. A main motivation for developing the methods in this
paper and in [TV] was the desire to understand how the properties of the following
poset relate to the properties of M .
Definition 1.1. Let k be a field and let M be a multigraded R-module. The set
B(M) = {α ∈ Zm | βd,α(M) 6= 0 for some d}
is called the set of Betti degrees of M . We consider it as a poset, and call it then
the Betti poset of M , with respect to the partial ordering induced by the partial
ordering on Zm.
The applications we consider here are when M is a monomial ideal I in R. In
this case B(I) as defined above is the same as the Betti poset of I defined in [CM14]
minus its minimal element. When we want to emphasize the role of the field k we
write B(I, k) for B(I).
An important combinatorial object associated with I is the lcm-lattice L = L(I),
which is the subposet of Zm join-generated in Nm by the multidegrees of the minimal
generators of I. It is well known that the Betti poset B(I, k) is a subposet of L(I)\ 0ˆ
(we write 0ˆ for the minimal element of a lattice). As a consequence of our definition
the Betti poset of I does not in general contain a smallest element. Its minimal
elements are exactly the multidegrees of the minimal generators of I.
Since the results in [Cla10] about the first author’s poset construction, the sig-
nificance of posets other than the lcm-lattice for the study of free resolutions of
monomial ideals has become more apparent, see [Cla12, CT13]. Representing a
natural next step in this line of research, the Betti poset of a monomial ideal was
introduced in [CM14]. The Betti poset results we present here were quickly followed
by those in [CM14b], and more recently the Betti poset was investigated in [Wood].
We apply our newly developed tools to show that, for the purposes of describing
the minimal free resolution of I over a fixed field k, the corresponding Betti poset
encodes all the required information.
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2. Modules over a category
In this section we introduce the fundamental concept of modules over a category,
the sampling process, and we describe several examples. We denote by J a small
category, e.g., the category associated with a poset.
Definition 2.1. A kJ -module is a functor M : J → k-mod. A homomorphism of
kJ -modules is a natural transformation. So the category of kJ -modules, denoted
kJ -mod, is just the category of functors from J to k-mod; in symbols, kJ -mod =
fun(J , k-mod).
Example 2.2. Here are some trivial examples. If J = [0] is the category with
exactly one object and one (identity) morphism, then obviously k[0]-mod = k-mod.
If G is a group and G is the category with only one object and one (invertible)
morphism for every element of G, with composition defined by multiplication in G,
then kG-mod is the category of left modules over the group ring k[G] and kGop-mod
is the category of right k[G]-modules. This explains the notation and terminology.
Definition 2.3. Let P be a Zm-graded poset with grading gr: P −→ Zm. Let M
be a multigraded R-module.
(a) The P-sample of M is the kP-module MP given by
MP(a) =Mgr(a) and M
P(a ≤ b) = xgr(b)−gr(a) : Mgr(a) −→Mgr(b).
(b) We refer to a functor of the form (−)P as a sampling (functor). Clearly a
sampling is an exact functor
(−)P : mgR-mod→ kP-mod
from the abelian category of multigraded R-modules to kP-mod.
Remark 2.4. When I is a monomial ideal in R and P a subposet of Zm such
that P ⊆ deg(I), then the kP-module IP is in fact isomorphic to the constant
kP-module with value k. Indeed, the isomorphism ι is given objectwise for each α
by the isomorphisms ι(α) : k −→ Iα via the obvious formula c 7−→ cxα.
Notice that kJ -mod is an abelian category. Kernels and images are computed
objectwise. A sequence of kJ -modules L→M → N is exact if and only if L(j)→
M(j) → N(j) is exact for every j ∈ objJ . In particular it makes sense to speak
of projective kJ -modules, for example, and to consider chain complexes of kJ -
modules. Notice that a chain complex of kJ -modules can equivalently be thought of
as functor from J to ch(k-mod); in symbols, ch(kJ -mod) = fun
(
J , ch(k-mod)
)
.
Example 2.5. Let k be a field, and let B be the Betti poset of a multigraded R-
module M . The minimal free resolution F• ofM over R yields a kB-chain complex
F B• given by
F B• (α) = F•α and F
B
• (α ≤ β) = x
β−α : F•α −→ F•β
and for each n ≥ 0 a kB-module Fn
B given by
Fn
B(α) = (Fn)α and Fn
B(α ≤ β) = xβ−α : (Fn)α −→ (Fn)β .
Next we show how standard topological and combinatorial constructions used in
the literature to study free resolutions of multigraded R-modules can be interpreted
as kP-chain complexes.
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Example 2.6. (Simplicial chain complexes) Let ∆ be a simplicial complex, and
let P = P(∆) be its face poset. For each face H let ∆H be the subcomplex formed
by taking all faces contained in H . Clearly H1 ⊆ H2 if and only if ∆H1 ⊆ ∆H2 .
By taking simplicial chain complexes with coeficients in k we obtain a kP(∆)-chain
complex S• = S•(∆, k) given by
S•(H) = C•
(
∆H ; k
)
,
where for H1 ≤ H2 the morphism S•(H1 ≤ H2) : C•
(
∆H1 ; k
)
−→ C•
(
∆H2 ; k
)
is
the morphism of simplicial chain complexes induced by the inclusion ∆H1 ⊆ ∆H2 .
Example 2.7. (Frames) Let U• = (Uk, ∂k) be a chain complex of based free k-
modules; in particular this includes the case of a frame as defined in [PV11] and
therefore also covers the simplicial chain complex case from Example 2.6, and the
case of a cellular chain complex of a CW-complex. Let Bk be the fixed basis of Uk
and let B =
∐
kBk. Let P be any poset structure on B such that if b ∈ Bk and
∂k(b) =
∑
c∈Bk−1
acc with ac 6= 0 then b > c in P . For any b ∈ P we write Uk(b)
for the free submodule of Uk with basis the set Bk(b) = {c ∈ Bk | c ≤ b}. Then
clearly U•(b) = (Uk(b), ∂k) is a subcomplex of U•. Therefore we obtain a kP-chain
complex F• = F•(U•) given by
F•(b) = U•(b),
where for c ≤ b in P the morphism F•(c ≤ b) : U•(c) −→ U•(b) is just the inclusion
U•(c) ⊆ U•(b).
Example 2.8. Let P be a poset, and let ∆(P) be the order simplicial complex
of P . The n-faces of ∆(P) are all strictly increasing chains A = {a0 < · · · < an}
in P . We always consider such a face A with the orientation given by ordering its
vertices in increasing order, and we call the maximal element an = maxA the apex
of the face A. Now we obtain a natural kP-chain complex E• = E•(P , k) by taking
simplicial chain complexes as follows:
E•(a) = C•
(
∆(P≤a); k
)
where ∆(P≤a) is the subcomplex of ∆(P) with faces those chains A such that
maxA ≤ a. When a ≤ b in P , the morphism
E•(a ≤ b) : C•
(
∆(P≤a); k
)
−→ C•
(
∆(P≤b); k
)
is defined to be the morphism of simplicial chain complexes induced by the inclusion
P≤a ⊆ P≤b. By taking simplicial n-chains, we also obtain for each n a kP-module
En = En(P , k) with
En(a) = Cn
(
∆(P≤a); k
)
.
Our main goal for the next two sections will be to show that this produces a
canonical projective resolution of the constant kP-module with value k. This fact
is an important ingredient in the proofs of our main results.
3. Tensor products
One should think of the sampling functors (−)P and (−)B from the previous
section as sophisticated dehomogenization tools. Applying them forgets about those
homogeneous components of our multigraded modules whose degrees are not coming
from P and B, respectively. Furthermore, they have the effect of stripping from the
remaining homogeneous components their actual multidegrees. The canonical way
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to recover some or all of that lost information is through an appropriate notion of
a tensor product.
Definition 3.1. Let N be a kJ op-module and M be a kJ -module. Define their
tensor product over kJ to be the k-module
N ⊗
kJ
M =
 ⊕
j∈objJ
N(j)⊗M(j)
 /S
where S is the submodule generated by
{nu⊗m− n⊗um | m ∈M(j), n ∈ N(i), u ∈ morJ (j, i) }
and, to underscore the analogy with the tensor product of modules over rings, we
use the shorthands um and nu for the values of the homomorphismsM(u) andN(u)
at the elements m and n respectively; thus um = M(u)(m) and nu = N(u)(n).
It is a straightforward consequence of the definition that the functor N ⊗kJ (−)
preserves epimorphisms and direct sums.
Example 3.2. Let G be a group,M a left k[G]-module, andN a right k[G]-module.
As explained in Example 2.2, we can think of N as a kGop-module and of M as a
kG-module. Then N ⊗kGM = N ⊗k[G]M .
Now we explain that for any kJ op-module N the functor N ⊗kJ (−) is right ex-
act. The proof of this proceeds as in the classical case when J = [0], by adjointness.
Definition 3.3. Let N be a kJ op-module and T a k-module. Define the kJ -
module homk(N, T ) by sending j to homk(N(j), T ). Notice that homk(N, T ) is
covariant in J since N is contravariant.
From the definitions and the usual tensor-hom adjunction for modules one sees
that the functor
homk(N,−) : k-mod→ kJ -mod
is right adjoint to
N ⊗
kJ
(−) : kJ -mod→ k-mod,
i.e., for all kJ -modules M and all k-modules T there are natural isomorphisms
homk
(
N ⊗
kJ
M,T
)
∼= homkJ
(
M, homk(N, T )
)
.
From this one concludes as usual (see for example [Wei94, Theorem 2.6.1 on
page 51]) that N ⊗kJ (−) is right exact, and homk(N,−) is left exact.
Notice that we can repeat everything done so far in this section when N is a
multigraded RJ op-module, i.e., a functor N : J op → mgR-mod. If N is multi-
graded RJ op-module and M is a kJ -module, then their tensor product N ⊗kJ M
is a multigraded R-module. Moreover, if T is a multigraded R-module, then
homR(N, T ) is a kJ -module, where homR denotes homogeneous R-linear homo-
morphisms of degree 0. Then the functor
homR(N,−) : mgR-mod→ kJ -mod
is right adjoint to
N ⊗
kJ
(−) : kJ -mod→ mgR-mod.
The fundamental example for us of a multigraded RJ op-module is defined next.
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Definition 3.4. Let P be a Zm-graded poset with grading gr : P −→ Zm. We
define the kPop-module Rgr via the degree-shift operations by setting
Rgr(a) = R(−gr(a)) and Rgr(a ≤ b) = x
gr(a)−gr(b) : R(−gr(a)) −→ R(−gr(b))
for any morphism a ≤ b in Pop. We call Rgr the multidegree shift functor. Notice
that the values of Rgr are not just k-modules but also free multigraded R-modules,
and Rgr sends the morphisms of Pop to morphisms of multigraded R-modules; i.e.,
Rgr is a multigraded RPop-module. When P is a subposet of Zm and gr is the
inclusion map, we omit the subscript gr from the notation, and write just R.
When P is a Zm-graded poset the sampling process introduced in the previous
section is a special case of the above described hom-construction. Indeed, for every
multigraded R-module T , we have that
homR(Rgr, T ) = T
P .
Hence the sampling functor
(−)P : mgR-mod→ kP-mod
is right adjoint to
Rgr ⊗
kP
(−) : kP-mod→ mgR-mod.
This latter construction is the main tool that we will use to recover information
lost during sampling.
Definition 3.5. Let P be a Zm-graded poset. Let M be a kP-module. The
multigraded R-module
Rgr ⊗
kP
M
is called the P-homogenization of M .
The process of P-homogenization is a functorial generalization of the standard
homogenization technique used to convert a chain complex of free k-modules into
a complex of free multigraded R-modules. We briefly demonstrate how this works
in the case of a labeling of a simplicial complex ∆ as in [BPS98, Construction 2.1].
Example 3.6. Let I be a monomial ideal in R with a set of minimal generators
{xα0 , . . . , xαn}. Let ∆ be a simplicial complex on the set [n], let P be its face
poset, and let S• be the corresponding kP-chain complex from Example 2.6. Let
gr: P → Zm be the grading morphism given by the formula
gr({i1, . . . , ik}) = αi1 ∨ · · · ∨ αik ,
where ∨ denotes join in the lattice Nm. Then it is clear that gr is a morphism of
posets and unravelling the definitions shows that the P-homogenization
T• = Rgr ⊗
kP
S•
is exactly the complex produced by [BPS98]Construction 2.1. In particular, ∆
supports a free resolution of I exactly when T• is a resolution of I.
Composing an appropriate sampling with an appropriate homogenization yields
a functorial description of all “relabeling” procedures considered in [GPW99] and
[PV11]. Here is an example of this in the case of the relabeling Construction 3.2 from
[GPW99]. One can clearly produce in a similar manner examples corresponding to
the procedures of f -degeneration and f -homogenization considered in [PV11].
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Example 3.7. Let I, R,∆,P , gr,S•, and T• be as in Example 3.6, and let L be
the lcm-lattice of I. Note that the image of gr is Lˆ = L\ 0ˆ. Suppose f : Lˆ → Zt is a
map of posets. Let gr′ = f ◦ gr, let S = k[y1, . . . , yt] be a polynomial ring with the
standard Zt-grading, and let Sgr′ and Sf be the corresponding multidegree-shift
functors. Thus Sf is a multigraded SLˆop-module, and Sgr′ is a multigraded SPop-
module. Now the P-homogenization T ′• = Sgr′ ⊗kP S• is exactly the complex of free
multigraded S-modules obtained from the complex T• by applying the relabeling
procedure from [GPW99, Construction 3.2] using the relabeling map f , and one
can check directly from the definitions (or use Proposition 3.8 below) that also
T ′• = Sf ⊗kLˆ
(
T Lˆ•
)
.
The adjunction between homogenization and sampling yields for each kP-module
M and each multigraded R-module T natural homomorphisms
η : M →
(
Rgr ⊗
kP
M
)P
and ǫ : Rgr ⊗
kP
(
TP
)
→ T,
the unit and counit of the adjunction, respectively.
Proposition 3.8. Let P be a subposet of Zm, let M be a kP-module, and let F
be a free multigraded R-module such that P contains the degrees of the elements of
some (hence every) homogeneous basis of F . Then:
(1) The unit of adjunction η : M → (R ⊗kP M)
P is an isomorphism of kP-
modules.
(2) The counit of adjunction ǫ : R ⊗kP(FP) → F is an isomorphism of multi-
graded R-modules.
Proof. Since X = R ⊗kP M is just the quotient of the multigraded R-module G =⊕
α∈P R(−α)⊗M(α) by the multigraded submodule H spanned over R by all
elements of the form (
xβ−α ⊗m
)
−
(
1⊗M(α ≤ β)(m)
)
with m ∈ M(α) and α ≤ β in P , it is straightforward to see that for each γ ∈ P
we get
Xγ =
(⊕
α≤γ
kxγ−α⊗M(α)
)/
k
〈(
xγ−α⊗m
)
−
(
1⊗M(α ≤ γ)(m)
) ∣∣∣ m ∈M(α)〉
= k⊗M(γ).
Since in X we have xγ−β(1⊗m) = xγ−β ⊗m = 1⊗M(β ≤ γ)(m) whenever β ≤ γ
and m ∈M(β), the isomorphism (1) is immediate.
Since tensoring by R and applying (−)P both preserve direct sums, and since
P contains the degrees of the elements of any homogeneous basis of F , to prove
(2) we just need to show that if α ∈ P then ǫ : R ⊗kP
(
R(−α)P
)
→ R(−α) is
an isomorphism. However, it is immediate from the definition that the source
of ǫ is the quotient of the multigraded R-module Y =
⊕
α≤γ∈P R(−γ)⊗k kx
γ−α
by the multigraded R-submodule Z generated over R by all elements of the form
(xγ−β ⊗ xβ−α)− (1⊗ xγ−α) with α ≤ β ≤ γ in P , hence Y/Z = R(−α)⊗ k. 
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4. Free and projective kJ -modules
In this section, for any small category J we want to define free kJ -modules and
bases for them, in such a way that free kJ -modules are projective. To this end we
first need to define the underlying “object” of a kJ -module M . The most conve-
nient way of doing so is by forgetting not just the k-module structure on eachM(j)
but also the homomorphisms M(j)→M(i) that we have for any morphism j → i
in J . So the underlying object of a kJ -moduleM is just the collection of setsM(j)
indexed by the objects of J . This data can conveniently be encoded into a func-
tor from the discrete category objJ (i.e., the subcategory of J where the only
morphisms are the identities) to sets, i.e., an (objJ )-set. This defines a forgetful
functor
U : kJ -mod→ (objJ )-sets .
The key observation is that U has a left adjoint
L : (objJ )-sets→ kJ -mod ,
that is defined by sending an (objJ )-set B to the kJ -module
LB =
⊕
j∈objJ
⊕
B(j)
k[morJ (j,−)] .
Notice that there is a natural morphism of (objJ )-sets η : B → ULB (which will
be the unit of the adjunction) that for every j ∈ objJ sends b ∈ B(j) to idj in the
corresponding summand k[morJ (j, j)] ⊆ LB(j) indexed by b.
Example 4.1. Fix an object j0 ∈ objJ and consider the (objJ )-set B given by
B(j) = ∅ if j 6= j0, and B(j0) = pt .
Then LB = k[morJ (j0,−)], and η : B → ULB sends pt to idj0 .
In order to prove that L is left adjoint to U , i.e, that there are natural bijections
morJ (B,UM) ∼= homkJ (LB,M)
for all (objJ )-sets B and kJ -modules M , we explain in which sense B is a basis
for LB.
Definition 4.2. LetM be a kJ -module and letB be an (objJ )-set together with a
morphism of (objJ )-sets µ : B → UM . We say that M is free with basis B
µ
→ UM
if for every kJ -module N and every morphism of (objJ )-sets g : B → UN there
is a unique homomorphism of kJ -modules G : M → N such that (UG) ◦ µ = g.
The following lemma is standard from the definitions and Yoneda’s lemma.
Lemma 4.3. (a) If B is an (objJ )-set then the kJ -module LB is free with basis
η : B → ULB. Therefore the functor L is left adjoint to the forgetful functor U .
(b) Free kJ -modules are projectives. 
Proposition 4.4. Let P be a subposet of Zm.
(a) Let F be a free multigraded R-module with homogeneous basis B such that
P contains the degrees of all the elements of B. Then the kP-module F = FP is
free with basis BP
µ
−→ UF , where the (objP)-set BP is given by
BP(α) = Bα = {b ∈ B| deg(b) = α} ⊂ Fα = F(α) = UF(α),
and µ(α) is the inclusion map.
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(b) Let G be a free kP-module with basis C
µ
−→ UG. Then R ⊗kP G is a free
multigraded R-module with homogeneous basis B =
∐
α∈P{1⊗µ(c) | c ∈ C(α)}.
Proof. Part (b) follows from part (a). Indeed, let G be the free multigraded R-
module with homogeneous basis the set B from part (b). Then it is straightforward
from the definitions in part (a) that BP ∼= C as (objP)-sets, hence the free by
part (a) kP-module GP is isomorphic to G. Therefore G ∼= R⊗kP GP ∼= R ⊗kP G.
We proceed with the proof of part (a). Let G be any kP-module and let
g : BP −→ UG be a morphism of (objP)-sets. We need to show that there is
a unique morphism G : F −→ G of kP-modules that extends g. We note that any
such extension G of g has to satisfy for any γ ≤ α and any b ∈ Bγ the equality
(4.5) G(α)(xα−γb) = G(γ ≤ α)
(
g(γ)(b)
)
.
However F(α) = Fα is a free k-module with basis all elements x
α−γb such that
γ ≤ α and b ∈ Bγ , and therefore there exists exactly one homomorphism of k-
modules G(α) : F(α) −→ G(α) that satisfies (4.5). 
Corollary 4.6. Let I be a monomial ideal with Betti poset B over a field k. Let
F• be a minimal free multigraded resolution of I over R. Let P be a subposet of
Z
m such that B ⊆ P. Then the kP-chain complex F P• is a resolution of I
P by free
kP-modules. In particular, if B ⊆ P ⊆ deg(I) then it is a free resolution of the
constant kP-module with value k. 
Proposition 4.7. The kP-chain complex E•(P , k) defined in Example 2.8 is a free
(and hence projective) resolution of the constant kP-module with value k.
Proof. E• = E•(P , k) is a resolution because for each a the simplicial complex
∆(P≤a) is a cone with apex a. Also, it is straightforward from the definitions that
each En is a free kP-module with basis ηn : Bn → UEn where Bn is the (objP)-set
given by Bn(a) = {A | A is an n-face of ∆(P) with maxA = a} and ηn(a) is the
inclusion map Bn(a) ⊂ Cn(∆(P≤a); k) = UEn. 
5. Main results
Throughout this section k is a field, R = k[x1, . . . , xm], and I is a monomial
ideal in R with Betti poset B over k.
Theorem 5.1. Let P be any subposet of Zm such that B ⊆ P ⊆ deg(I). Then the
order complex ∆(P) supports a free resolution of I.
Proof. Recall from Definition 3.4 that R : Pop −→ mgR-mod is the multidegree
shift functor given objectwise by R(α) = R(−α) and for α ≤ β in Pop the corre-
sponding morphism R(−α) −→ R(−β) is given by multiplication by xα−β . Let
E• = E•(P , k) be the free resolution of the constant kP-module with value k
from Proposition 4.7. Let F• be the minimal free resolution of I over R, and
let G• = R ⊗kP E•. Since both F P• and E• are projective resolutions of the con-
stant kP-module with value k, they are chain homotopy equivalent and hence so
are F• = R ⊗kP F P• and G•. Therefore G• is a multigraded resolution of I over R.
Finally, since in each homological degree n the kP-module En = En(P , k) is free,
the corresponding R-module Gn = R⊗kP En is free multigraded. 
Theorem 5.2. Let P be a subposet of Zm such that B = B(I, k) ⊆ P ⊆ deg(I).
12 ALEXANDRE TCHERNEV AND MARCO VARISCO
(a) For any α ∈ Zm and any d ≥ 0 we have βd,α(I) = 0 if α /∈ P, otherwise
βd,α(I) = dimk H˜d−1
(
∆(P<α); k
)
.
(b) In particular, B(I, k) = {a ∈ P | H˜k
(
∆(P<a); k
)
6= 0 for some k}.
(c) For any α ∈ B(I, k) the inclusion ∆(B<α) ⊆ ∆(P<α) is a homology isomor-
phism over k.
Proof. (a) Since the multidegrees of the basis elements of the free modules in the
resolution G• = R ⊗kP E•(P , k) are all in P , it is immediate that βd,α(I) = 0
for α /∈ P . If α ∈ P then we have TorRd (I, R/m)α = Hd(G•α/mG• ∩ G•α) =
Hd
(
C•
(
∆(P≤α); k
)
/C•
(
∆(P<α); k
))
. As ∆(P≤α) is a cone with apex α we get
TorRd (I, R/m)α
∼= H˜d−1
(
∆(P<α); k
)
.
(b) is immediate from (a) by the definition of Betti poset.
(c) The inclusion B ⊂ P induces canonically a morphism of Zm-graded free
resolutions E• = R ⊗kB E•(B, k) −→ R⊗kP E•(P , k) = G• which is an isomor-
phism in homology, hence a chain homotopy equivalence. Therefore it stays a
chain homotopy equivalence after tensoring by the Zm-graded R-module R/m,
hence induces an isomomorphism in homology between the corresponding multi-
graded strands in degree α for each α ∈ B. But for these graded strands we
have (E•⊗R R/m)α = E•α/(mE• ∩ E•α) = C•
(
∆(B≤α); k
)
/C•
(
∆(B<α); k
)
and
(G•⊗RR/m)α = G•α/(mG• ∩ G•α) = C•
(
∆(P≤α); k
)
/C•
(
∆(P<α); k
)
. Therefore
the map of pairs
(
∆(B≤α),∆(B<α)
)
−→
(
∆(P≤α),∆(P<α)
)
induced by the inclu-
sion B ⊆ P is an isomorphism in relative homology over k. Since ∆(B≤α) and
∆(P≤α) are cones with apex α, the desired conclusion is immediate. 
Finally, we show that the isomorphism class of the Betti poset completely deter-
mines the structure of the minimal free resolution of I. The following theorem also
generalizes, with a new proof, [GPW99, Theorem 3.3].
Theorem 5.3. Let P be a subposet of Zm such that B(I, k) ⊆ P ⊆ deg(I). Let
F• be a minimal free multigraded resolution of I over R, and let F• = F P• be the
P-sample of F•. Let S = k[y1, . . . , yt] be another polynomial ring over the field k,
and let J be a monomial ideal of S such that P is isomorphic to a subposet Q of
Z
t with B(J, k) ⊆ Q ⊆ deg(J). Fix one such isomorphism gr: P −→ Q.
(a) The isomorphism gr maps B(I, k) isomorphically onto B(J, k).
(b) Viewing gr as a morphism gr : P −→ Zt, consider the multidegree-shift func-
tor Sgr : Pop −→ mgS-mod. Then the homogenization Sgr⊗kP F• is a minimal
free multigraded resolution of J over S.
Proof. Part (a) is immediate from Theorem 5.2, and we proceed with the proof of
part (b). Identifying P with Q, we consider gr as the inclusion map and write S for
Sgr. Let G• be a minimal free resolution of J over S. Then the kP-chain complexes
F• and GP• are free resolutions of the constant kP-module with value k, hence are
chain homotopy equivalent. Hence so are the the complexes H• = S ⊗kP F• and
S ⊗kP GP•
∼= G•. Therefore H• is a free resolution of J over S, and since by
Theorem 5.2 and Proposition 4.4 it has the correct ranks for its free modules, it is
a minimal free resolution. 
Example 5.4. LetR = k[a, b, c, d, e] and let I = (ac, ae, bd, de). The Hasse diagram
of L(I)\0ˆ is given below. Examining the filters
(
L(I)\0ˆ
)
<x
for all x ∈ L(I)\0ˆ shows
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that for any field k the Betti poset B(I, k) consists of the non-circled elements.
abcde
acde abde
abcd ace ade bde
ac ae bd de
When we investigate in a similar manner the monomial ideal J = (wx, xy, wz, yz)
in the polynomial ring S = k[w, x, y, z], we see that for every field k we have
B(J, k) = L(J) \ 0ˆ, with the following Hasse diagram.
wxyz
wxz wxy xyz wyz
wx xy wz yz
Thus we have L(I) 6∼= L(J) but B(I, k) ∼= B(J, k) for every field k.
Remark 5.5. In the rather simple example above, there exists a join preserv-
ing map from L(I) to L(J) that is a bijection on the atoms, and therefore it is
still possible to obtain the minimal free resolution of J by applying the relabeling
Construction 3.2 from [GPW99] to the minimal free resolution of I. For a more
sophisticated example, where that kind of join-preserving map does not exist on
the level of lcm-lattices, we refer the reader to [CM14b, Example 2.3].
6. When is a poset the Betti poset of an ideal?
Given a finite poset P and x ∈ P , we write Ax for the set of all minimal elements
of P that are less than or equal to x. The poset P is called atomic if each x ∈ P
is the join (the unique least upper bound) in P of the elements of Ax. We consider
every atomic poset P with set of minimal elements A naturally as a subposet of
the Boolean lattice Σ(A) (the set of all subsets of A, ordered by inclusion) via the
embedding map σ : P −→ Σ(A) given by σ(x) = Ax; in particular we will not
distinguish between an element a ∈ A and the singleton {a} ∈ Σ(A). It is an
easy exercise for the reader to check that σ preserves meets (unique greatest lower
bounds, whenever they exist) of elements in P . When P is atomic, we write M(P)
for the subposet of Σ(A) with elements all meets in Σ(A) of subsets of P .
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Lemma 6.1. Let P be a finite atomic poset with set of minimal elements A. Then
M(P) is a finite atomic lattice with set of atoms A.
Proof. M(P) is a finite meet-semilattice by construction, hence a finite lattice. Let
Z ∈M(P). Since Z ⊆ A and for each a ∈ A the set {a} is an atom of M(P), it is
enough to show that Z =
∨
a∈Z{a}. Let V =
∨
a∈Z{a}. Since joins in M(P) are
greater than or equal to joins in Σ(A), we get that V ≥ Z. On the other hand Z
is trivially an upper bound in M(P) for the set
{
{a} | a ∈ Z
}
, hence Z ≥ V . 
Let I be a monomial ideal in the polynomial ring R = k[x1, . . . , xm] over the
field k, and let B be its Betti poset over k. Thus, the set A of minimal elements of
B is exactly the set of degrees in Zm of the minimal generators of I. Let L = L(I)
be the lcm-lattice of I. In particular, the poset L \ 0ˆ is atomic with set of minimal
elements A, contains B, and by [GPW99, Theorem 2.1] an element y ∈ L \ 0ˆ is not
in B exactly when the relative homology H˜n
(
∆(L<y \ 0ˆ), k
)
= 0 for all n.
Lemma 6.2. The Betti poset B is an atomic poset.
Proof. Let x ∈ B, then clearly x is an upper bound for the set Ax. Let y ∈ B
be any other upper bound for Ax. Then y is also an upper bound for Ax in the
lcm-lattice L. Therefore y is greater than or equal to the join in L of the elements
in Ax. Since L is join-generated by the elements of A it follows that z =
∨
Az for
each z ∈ L; in particular
∨
Ax = x. Therefore y ≥ x. 
Proposition 6.3. Let I be a monomial ideal with Betti poset B. Let A be the set
of minimal elements of B and let M(B) be the corresponding subposet of Σ(A).
Then for each x ∈ M(B) \ 0ˆ we have that the element x is not in B precisely
when H˜n
(
∆(M(B)<x \ 0ˆ); k
)
= 0 for all n.
Proof. Let L be the lcm-lattice of I. Since L is an atomic lattice, the embedding
of L inside Σ(A) preserves meets and therefore M(L) = L. It follows that B ⊆
M(B) \ 0ˆ ⊆ L\ 0ˆ ⊂ deg(I). Now the assertion of the proposition is immediate from
Theorem 5.2 applied to P =M(B) \ 0ˆ. 
Theorem 6.4. Let P be a finite atomic poset with set of minimal elements A, let
M(P) be the subposet of Σ(A) meet-generated by P in Σ(A), and let k be a field.
Then P is the Betti poset of a monomial ideal over k if and only if an element
x ∈M(P) \ 0ˆ is not in P precisely when H˜n
(
∆(M(P)<x \ 0ˆ); k
)
= 0 for all n.
Proof. The “only if” direction of the theorem is Proposition 6.3. Suppose now for
each x ∈ M(P) \ 0ˆ that x /∈ P exactly when H˜n
(
∆(M(P)<x \ 0ˆ); k
)
= 0 for each
n. Since M(P) is an atomic lattice by Lemma 6.1, it is the lcm-lattice of some
monomial ideal J [Phan06]. Thus by [GPW99, Theorem 2.1] the poset P is the
Betti poset of J over k. 
When B is the Betti poset of a monomial ideal I over k the lattice M(B) seems
to play an important structural role. This motivates the following definition.
Definition 6.5. Let k be a field, and let I be a monomial ideal in R. We call the
lattice M
(
B(I, k)
)
the Betti lattice of I over k.
As seen in the proof of Proposition 6.3, one has M(B(I, k)) ⊆ L(I) for each
k, yielding a collection of subposets of L(I). It is an intriguing open problem to
investigate how the properties of this collection of Betti lattices reflect the properties
of the ideal I.
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